
ON A THREE-DIMENSIONAL HEAT TRANSFER 

PROBLEM FOR A FORCED CONVECTIVE FLOW 

M. E .  P o d o l ' s k i i  UDC 536.25 

We cons ider  the hydrodynamic  and the rma l  boundary l aye r s  for  the flow rep re sen ted  by 
Fig.  2. Assuming  that W << U0, we obtain approx imate  fo rmulas  for  the f r ic t ion and the 
heat t r a n s f e r .  

We cons ider  a rotat ing tube 1 and inside of it a fixed tube 2, the la t te r  containing a wide slot along 
a gene ra to r  (Fig. 1); there  is no gap between the tubes.  A liquid of some kind is pumped through the tube, 
cooling the heated moving wall.  If we d i s r ega rd  the secondary  flows due to centr i fugal  fo rces  and a s su me  
the boundary l aye r  th icknesses  to be sma l l  in compar i son  with the tube radius,  then the motion r e p r e -  
sented by Fig. 2 can be regarded  as an analog of the flow in question. Here  the plate 1, which is infinite 
in the d i rec t ion of the x axis and moving in that d i rec t ion with speed U0, is sepa ra ted  f rom the flow (of 
speed W) washing over  it by the infinitely thin, fixed, t he rma l ly  insulated pla tes  2. 

We obtain an approx imate  solution of the hydrodynamic  and the rma l  p rob l ems  involved in d e t e r m i n -  
ing the amount of heat  given off to the flow by plate 1. The t e m p e r a t u r e  T O of the moving plate is a s -  
sumed to be known. S imi la r  p rob l em s  a r i s e  in the study of the sliding of bear ings .  

1. In the absence  of longitudinal flows (W = 0) the hydrodynamic  p rob lem was cons idered  in [1-3]: 
In pa r t i cu la r ,  it was shown there  that the speed at the outer  edge of the boundary l ayer  cannot be a s -  
signed a r b i t r a r i l y  but is de te rmined  f rom the equality of the f r ic t ional  fo rces  on the moving and the fixed 
sect ions:  

U ~ = UoVs,  s = l/L. (1) 

In view of the fact  that the liquid is a l te rna te ly  speeded up by the moving plate and r e t a rded  by 
the fixed plate,  the boundary l ayer  turns out to be per iodic  in x of per iod L. The l aye r  thickness  6 u 
is of the o rde r  

%H / ' /% 

Fig. 1 Fig. 2 

Fig. 1o Schematic  of liquid motion in the tube with a pa r t i a l ly  
moving boundary.  

Fig. 2. Schemat ic  of flow over  a plate consis t ing of fixed and mov-  
ing sec t ions .  
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5~ ~ L Rex ~ R% = UoL/v. (2) 

If  W ~ 0, but  W << U ~ then  the b o u n d a r y  l a y e r  c a n  be d iv ided  into  two z o n e s .  In the f i r s t  zone ,  
s i t u a t e d  n e a r  the  wal l ,  the in f luence  of the long i tud ina l  f low i s  s m a l l ,  so  tha t  d i r e c t  u se  can  be  m a d e  of 
the  r e s u l t s  ob t a ined  in [1-3].  The  t h i c k n e s s  of t h i s  zone i s  of o r d e r  5 u.  In the s e c o n d  zone the s p e e d  w 
i n c r e a s e s  g r a d u a l l y  to i t s  l i m i t i n g  v a l u e  W a s  y -* r162 whi le  u d e c r e a s e s  f r o m  U ~ to u = 0 (we a s s u m e  that  
u = 0 fo r  z < 0). By v i r t u e  of the a s s u m p t i o n  W << U ~ we have ,  o v e r  the m a j o r  p a r t  of the  b o u n d a r y l a y e r ,  

e = 6 . /5  << I. 

The  s p e e d s  u, v, w in the s e c o n d  zone s a t i s f y  the equa t i ons  

- ah a~ ~ a~ aq au + a~ a~ u - y - + ? ;  + = ~ . - -  = 
5 i f  az ay ~ ' -5~ - ~  + - a T  o, 

s 0% - 0~: - 0~ --~-d- + v ~ -  + w ~ - -  = o, 

and the b o u n d a r y  cond i t ions  can  then  be w r i t t e n  a p p r o x i m a t e l y  a s  fo l lows :  

(3) 

(4) 

u = U  ~ ~ = 0 ,  v = v e ( x  ) for y---~0, u = 0 ,  r ~ = W  for y---~co. (5) 

H e r e  v e i s  the  v componen t  a t  the  o u t e r  edge  of the  f i r s t  zone,  w h e r e  the i n t e g r a l  of ve  wi th  r e s p e c t  
to x i s  equa l  to z e r o  o v e r  an a r b i t r a r y  i n t e r v a l  of l ength  L .  

(6) 

We can  show that  

(7) 

140 
13 (8) 

u/U ~ = 1 - -  rd/W = o (x, g, z). 

A p p l y i n g  the me thod  of i n t e g r a l  r e l a t i o n s  to E q s .  (4) and pu t t ing  

(9) 

(10) 

co = 1 --1.5~] -~- 0.5'~ z, ~l = g/5, 

fo r  the b o u n d a r y  l a y e r  t h i c k n e s s  in the s e c o n d  zone,  we ob ta in  

05 qxU ~ 05 _ q~, t- 2q2v~ 36 

Oz [ W Ox 5W - ~ - - ,  ql = - - ~ ,  q ~ = ~  

6 o = 6 (z zo), (11) 

Along  the i n t e g r a l  c u r v e s  of the equa t ion  

dz = (W/qlU ~ dx 

t h e q u a n t i t y  6, by v i r t u e  of  E q s .  (8), s a t i s f i e s  the equa t ion  

d6 _ _  q~v + 2q~v~ 

dz 6W W 

We c o n s i d e r  a funct ion  6~ such  that  

dSO 
6 o =  I / ~ +  2q~v (Z--Zo), 

q~v 
dz - - 5 ~ - '  - - ~ -  

and we s e e k  6 in the  f o r m  5 = 5 ~ + A.  

T a k i n g  into account  the a f o r e m e n t i o n e d ,  p r o p e r t i e s  of the  f low in the f i r s t  zone,  we can  show tha t  A 

~ 6u and, by v i r t u e  of r e l a t i o n  (3), tha t  6 ~-- 6 ~ The  l a t t e r ,  g e n e r a l l y  speak ing ,  i s  v a l i d  a t  s o m e  d i s t a n c e  
f r o m  the e n t r a n c e  edge  of the p l a t e  w h e r e  the  cond i t i on  (3) i s  a l r e a d y  s a t i s f i e d .  If, howeve r ,  we a s s u m e  
that  z >> z0, or ,  equ iva l en t l y ,  if  we t ake  z 0 = 0, 5 o = 0, then  Eq .  (11) fo r  6 can  be a p p r o x i m a t e l y  ex t ended  
to z e r o  v a l u e s  of z and m a y  be  w r i t t e n  in  the  f o r m  

5 = I f  2q~vz 
W " (12) V 

E q u a t i o n  (12) a g r e e s  wi th  the e x p r e s s i o n  g iven  in [4] fo r  the b o u n d a r y  l a y e r  t h i c k n e s s  in the a b s e n c e  
of f low a long  the x a x i s ;  thus  i t  s h o w s ,  u n d e r  the  a s s u m p t i o n s  m a d e  above ,  tha t  the h y d r a u l i c  r e s i s t a n c e  
a long  the z ax i s  and  the p r o f i l e  of the  v e l o c i t y  w can  be  d e t e r m i n e d  fo r  the b o u n d a r y  l a y e r  on the p l a t e  f r o m  
known f o r m u l a s .  
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nL nt.~l (n+l)t x 

Fig .  3. I n t e g r a l  c u r v e s  of 
E q s .  (23) and (19). 

2. C o n s i d e r  now the t h e r m a l  p a r t  of  the  p r o b l e m .  
ba l a nc e  equa t ion  m a y  be w r i t t e n  as  fo l lows :  

8 (uT)@ 8 ( vT )@ 8 ~, 82T 
0-~ ~ g  -Sz @T)- pc Oy 2 (13) 

The  b o u n d a r y  cond i t ions  (n i s  an i n t e g e r )  a r e  

T = 0 fo r  y - - > - o o ,  

OT/Oy -- 0 (14) 

T = T O for. y = O, nL < x  < nL q- l, 

for n L + l < x < ( n @ l ) L ' .  

The hea t  

F u r t h e r ,  we c o n s i d e r  l iqu ids  with P r a n d t l  n u m b e r s  P r  = vpc 
/X >> 1, so  that  the t h e r m a l  b o u n d a r y  l a y e r  t h i c k n e s s  6.t is  s m a l l  
c o m p a r e d  to 5 u and 6. Then ,  a p p r o x i m a t e l y ,  o v e r  the m a j o r  p a r t  
of the b o u n d a r y  l a y e r ,  f o r  0 < y < 5 t 

u .-~ U o, w .~. kwy for nL < x < nL -{- l, 

u~.-~k,y, w ~ k ~ y  for nL + l < x < ( n  + l )L ,  (15) 

le~ = 1.5W/5, k .  = " ~  (y = O)/~t. 

We can  show that,  a p p r o x i m a t e l y ,  

�9 r / 3 / 2  S-U4 V X x ~ ( Y = O ) ~  ~ o  X 1 sin 2nks 
(~L),n -' x =  . / ~  f--~l~ k ~ '  ( i s )  

k = l  

C o n s i d e r  the s e g m e n t  nL < x < nL + l .  Not ing  that  v(y = 0) = 0, and t ak ing  the fo l lowing  d e p e n d e n c e  
fo r  the t e m p e r a t u r e  

T = T0ff01), ~1 = Y/St, i f =  1 - -  1.5~] @ 0.5~l s, (17) 

we obta in ,  a f t e r  i n t e g r a t i n g  Eq .  (13) with r e s p e c t  to y, 

05 t 85 t 1 5 t 86 O' (0) v 1 6 

-~x + Oz 2 6 8z 3ai Pr W 6~-'t 

1 1 

a 0 U o 6 ~or' t '  
15 = 3a t W 5 t a~ t~drl' al ~l~dq. (18) 

0 0 

A l o n g  the i n t e g r a l  c u r v e s  of  the  equa t ion  

dx = [Jdz (i 9) 

we have ,  by v i r t u e  of  r e l a t i o n s  (18), 

3 ,4( )3pF 
d-~ + - - 4 -  " z 4--~' ~= -~ . , 

(20) 

A s s u m e  tha t  a t  s o m e  po in t  x = nL + 0, z = z n ( see  F ig .  3) the  quant i ty  6t = 6t i s  known.  I n t e g r a t i n g  
Eq .  (20), we f ind tha t  a long the i n t e g r a l  c u r v e  C of Eq .  (19) p a s s i n g  th rough  th i s  poin t  

~? = ! - -  (! - -  r (z~/z) 3/4, (21) 

and,  a t  the p e i n t  x = n L  + l - 0 ,  z = zh of the  c u r v e  C, we have  

~ = l - -  (1 - -  ~ )  (z,/z'~) 3/4. (22) 

T h r o u g h  the po in t  x = n L  + l, z = z ' ,  and the p o i n t x  = n L  + l, z = z ~ + A ~  in f in i t e ly  c l o s e  to it, 
n 

we d r a w  i n t e g r a l  c u r v e s  7 and 7'  of the  equa t ion  

k~:dx = k.dz. (23) 

On the c u r v e s  T and Y' a s  g u i d e s  we c o n s t r u c t  c y l i n d r i c a l  s u r f a c e s  whose  g e n e r a t o r s  a r e  p e r p e n d i c u l a r  
to the p l a n e y  = 0 .  T h e s e  s u r f a c e s ,  t o g e t h e r  with the p l a n e s x  = n L  + l , x  = ( n  + 1)L, y = 0 ,  and the 
s u r f a e e  y = 6t, f o r m  a v o l u m e  V. We i n t e g r a t e  Eq .  (13) o v e r  V and app ly  the O s t r o g r a d s k i i - G a u s s  
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f o r m u l a  of the resu l t ing  le f t -hand  s ide .  Taking  into account  the fact  that  u ~ U 0 = cons t  for  nL  < x 
< nL + l, we can obtain, to within a quanti ty of o r d e r  e3, 

8tn+l = ( ~ n '  8t n = 8t ~=.,r+t-o, 8tn+ I t x=(~+uL+o" (24) 
I z = z  n Z~Zn+ 1 

F r o m  Eqs .  (22) and (24), with the aid of Eqs .  (20) and (12), we find a r e c u r s i o n  re la t ion  for  de-  
t e rmin ing  r 

Cn+, = (znlZn+l) 3/2 l1 - -  (1 - -  %) (z,dz'.P/4]. (25) 

In tegra t ing  Eqs .  (19) and (23), we can  show that  

Z n - -  Zll. { 13 ]1/3 3alS 
z~ = \ - 1 4 /  a o 

wL/ ),J3 
Uoz~ [1 + 0 (ca)] ~ %e 3 

z n + , - - ' z ;  2 (1 - - s )  V ~  ( WL /3/2 [ l_?O(e3)]_ea .  (26) 
z n - -  3 ~% - \"~06~J 

An ana lys i s  of Eqs .  (25) and (26) shows that  the funct ion Cn, which sa t i s f i e s  the r e c u r s i o n  re l a t ion  
(25), d i f fe r s  by no m o r e  t h a n a  quanti ty of  o r d e r  s z f r o m  the solut ion of the equat ion 

d~p 3 1-~-~ 1 - - ~  ~ = ( 1 + 3 ~ 1 / 3 )  -1, 
d--~ - =  4 " - - -7- -  i -4 -~  - ~ '  

0.807s [ Uoz ~li2 1 8t • = ~ • ~ (27) 
1 - - s  ~ W L  } Pr 1/3' 8u" 

obtained using the s a m e  ini t ial  condi t ions .  

Equa t ion  (27) p o s s e s s e s  the p r o p e r t y  that  suff ic ient ly  l a rge  z / z  0 its so lut ion does  not depend on r 
=-r F o r m u l a s  for  gh, s i m i l a r  to Eq .  (12), obtained by the method indicated he re ,  a r e  val id  fo r  those  
z _ z 0 for  which the inequal i ty  (3) is a l r eady  sa t i s f ied .  Fu r the r ,  as  in the h y d r o d y n a m i c  pa r t  of the p r o b -  
lem,  we cons ide r  va lues  of z >> z 0. 

A s s u m i n g ,  as  we did e a r l i e r ,  that  the quanti ty 5 t / 5  u is smal l ,  we Obtain an app rox ima te  solut ion of 
Eq.  (27), which is independent  of the ini t ial  condi t ions ,  in the f o r m  

~ ~3i~ (z). (28) 

It follows f r o m  this, in pa r t i cu l a r ,  that 3 ~ 1 I  3 ~ 3n3/2,  so  that  the so lu t ion  obtained is val id  as  
long as  the quanti ty n is smal l .  

The  solut ion (28) m a y  be used  to d e t e r m i n e  r fo r  al l  x in the in t e rva l s  nL  < x < nL + l. The  
la t t e r  is ensu red  by the cont inui ty  of r f r o m  Eq.  (21) and the s m a l l n e s s  of the i n c r e m e n t  A z ' ( s e e  
E q s .  (26) on each  in te rva l  nL < x < nL + l of the in teg ra l  cu rve  of Eq .  (19). 

3. We ca lcu la te  the h e a t - t r a n s f e r  coeff ic ient  f r o m  the moving plate .  De te rmin ing  5 t on the in te rva l  
nL < x < nL + l with the aid of Eqs .  (28), (27), (20), and (12), and us ing the r e l a t ions  (17), fo r  the local  
Nusse l t  n u m b e r  Nu = a z / A  = 3 z / 2 6  t we find 

Nu = •  N u  o = 0.332Rel,/2Pr I/3, R% = Wz  ( 2 9 )  
'V 

The f o r m u l a  (29) is not  sui table  if 5 t > 5u, i .e. ,  if the quanti ty n is not sma l l .  In this  case ,  at 
l eas t  fo r  5t >> 5u, we can  obtain, fo r  l a rge  P rand t l  n u m b e r s  P r ,  with the aid of r ea son ing  to a c e r t a i n  
extent  ana logous  to the p reced ing ,  

Nu = s-J/3Nuo. (30) 

Equa t ions  (29) and (30) show that  in c o m p a r i s o n  with the flow o v e r  the fixed plate  (Nu = Nu0, [4]) 
the hea t  t r ans f e r ,  under  the condi t ions  of the a r r a n g e m e n t  shown in Fig.  2 ,  tu rns  out to be m o r e  in ten-  
s ive .  This  is expla ined by the fac t  that  in the l a t t e r  ca se  the speed  in the boundary  l a y e r  has ,  bes ides  
that along the z axis ,  a l so  a componen t  along the x ax i s .  T h e r e f o r e  the coolant  liquid, pa s s ing  not only 
through a heat  emi t t ing  reg ion  but a l so  a t h e r m a l l y  insula ted  region,  is hea ted  on only a por t ion  of the 
path  which it t r a v e r s e s .  As  a r e s u l t  t he re  is a d e c r e a s e  in the t h e r m a l  boundary  l a y e r  th ickness ,  and, 
hence,  an i n c r e a s e  in the h e a t - t r a n s f e r  coef f ic ien t .  
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U o 
U o 

W 
s 

511 , 5 
= 5 u / 6 ;  

5t 
T 

r 

OL 
Nu 

1| 

2. 
3. 
4. 

N O T A T I O N  

is the velocity of movable p la te ;  
is the veloci ty at outer  edge of boundary layer  without longitudinal flows; 
is the veloci ty of longitudinal flow; 
is the relat ive length of movable plate;  
a re  the hydrodynamic boundary l ayers  th icknesses;  

is the thermal  boundary layer  thickness;  
is the t empera tu re ;  
a re  the dynamic and kinematic  v iscos i t ies ;  
is the value by formula  (20); 
is the value by formula  (27); 
is the hea t - t r ans f e r  coefficient  of movable wall; 
is the Nusselt  number .  
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